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The Calculus of Probabilities

Mathematics

The tenth principle gives you the opportunity
of applying the budget system to gambling, but
the results are discouraging. Thus if you stake
your hundred francs, fifty francs at a time, you
have the chance, if you are lucky both times, of
coming out with 300 francs, but you have also
the chance of breaking even or of going broke.
And the latter events are more apt to happen.

PART TWO

A PHILISOPHICAL ESSAY
ON PROBABILITIES. By Pierre
Simon, Marquis de Laplace. Trans-
lated from the sixth French edition by
Frederick Wilson Truscott and Fred-
erick Lincoln Ewmory. New York:
1902.

Concerning Hope

The probability of events serves to
determine the hope or the fear of
persons interested in their existence.
The word hope has various accep-
tations; it expresses generally the ad-
vantage of that one who expects a
certain benefit in suppositions which
are only probable. This advantage
in the theory of chance is a product
of the sum hoped for by the probabil-
ity of obtaining it; it is the partial
sum which ought to result when we
do not. wish to run the risks of the
event in supposing that the division
is made proportional to the probabil-
ities. This division is the only
equitable one when all strange cir-
cumstances are eliminated ; because an
equal degree of probability gives an
equal right to the sum hoped for. We
will call this advantage mathematical
hope.

Eighth Principle—When the ad-
vantage depends on several events it
is obtained by taking the sum of the
products of the probability of each
event by the benefit attached to its
occurrence.

Let us apply this principle to some
examples. Let us suppose that at the
play of heads and tails Paul receives
two francs if he throws heads at the
first throw and five francs if he
throws it only at the second. Mul-
tiplying two francs by the probability
14 of the first case, and five francs
by the probability 14 of the second
case, the sum of the products, or two
and a quarter francs, will be Paul’s
advantage. It is the sum which he
ought to give in advance to that one
who has given him this advantage;
for, in order to maintain the equality
of the play, the throw ought to be
equal to the advantage which it
procures.

If Paul receives two francs by
throwing heads at the first and five
francs for throwing it at the second
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throw, whether he has thrown it or
not at the first, the probability of
throwing heads at the second throw
being 14, multiplying two francs and
five francs by 14 the sum of these
products will give three and one half
francs for Paul’s advantage and con-
sequently for his stake at the game.
Ninth Principle—In a series of
probable events of which the ones
produce a benefit and the others a loss,
we shall have the advantage which
results from it by making a sum of
the products of the probability of each
favorable event by the benefit which
it procures, and subtracting from this
sum that of the products of the
probability of each unfavorable event
by the loss which is attached to it.
If the second sum is greater than the
first, the benefit becomes a loss and
hope is changed to fear.
Consequently we ought always in
the conduct of life to make the prod-
uct of the benefit hoped for, by its
probability, at least equal to the simi-
lar product relative to the loss. But
it is necessary, in order to attain this,
to appreciate exactly the advantages,
the losses, and their respective prob-
abilities. For this a great accuracy
of mind, a delicate judgment, and a

great experience in affairs is neces-
sary; it is necessary to know how to
guard one’s self against prejudices,
illusions of fear or hope, and er-
roneous ideas, ideas of fortune and
happiness, with which the majority
of people feed their self-love.

The application of the preceding
principles to the following question
has greatly exercised the geometri-
cians. Paul plays at heads and tails
with the condition of receiving two
francs if he throws heads at the first
throw, four francs if he throws it
only at the second throw, eight
francs if he throws it only at the
third, and so on. His stake at the
play ought to be, according to the
eighth principle, equal to the number
of throws, so that if the game con-
tinues to infinity the stake ought to
be infinite. However, no reasonable
man would wish to risk at this game
even a small sum, for example five
francs. Whence comes this difference
between the result of calculation and
the indication of common sense? We
soon recognize that it amounts to this:
that the moral advantage which a bene-
fit procures for us is not proportional
to this benefit and that it depends
upon a thousand (Turn to next page)
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Probabilities—Continued

circumstances, often very difficult to
define, but of which the most general
and most important is that of fortune.

Indeed it is apparent that one franc
has much greater value for him who
possesses only a hundred than for a
millionaire. We ought then to dis-
tinguish in the hoped-for benefit its
absolute from its relative value. But
the latter is regulated by the motives
which make it desirable, whereas the
first is independent of them. The
general principle for appreciating this
relative value cannot be given, but
here is one proposed by Daniel Ber-
noulli which will serve in many cases.

Tenth Principle—The relative value
of an infinitely small sum is equal to
its absolute value divided by the total
benefit of the person interested. This
supposes that every one has a certain
benefit whose value can never be esti-
mated as zero. Indeed even that one
who possesses nothing always gives to
the product of his labor and to his
hopes a value at least equal to that
which is absolutely necessary to sus-
tain him.

If we apply analysis to the principle
just propounded, we obtain the fol-
lowing rule: Let us designate by unity
the part of the fortune of an indi-
vidual, independent of his expecta-
tions. If we determine the different
values that this fortune may have by
virtue of these expectations and their
probabilities, the product of these val-
ues raised respectively to the powers
indicated by their probabilities will be
the physical fortune which would pro-
cure for the individual the same moral
advantage which he receives from the
part of his fortune taken as unity
and from his expectations; by sub-
tracting unity from the product, the
difference will be the increase of the
physical fortune due to expectations:
we will call this increase moral hope.
It is easy to see that it coincides with
mathematical hope when the fortune
taken as unity becomes infinite in ref-
erence to the variations which it re-
ceives from the expectations. But
when these variations are an appre-
ciable part of this unity the two hopes
may differ very materially among
themselves.

This rule conduces to results con-
formable to the indications of com-
mon sense which can by this means
be appreciated with some exactitude.
Thus in the preceding question it is
found that if the fortune of Paul is
two hundred francs, he ought not
reasonably to stake more than nine

francs. The same rule leads us
again to distribute the danger over
several parts of a benefit expected
rather than to expose the entire bene-
fit to this danger. It results sim-
ilarly that at the fairest game the
loss is always greater than the gain.
Let us suppose, for example, that a
player having a fortune of one hun-
dred francs risks fifty at the play of
heads and tails; his fortune after his
stake at the play will be reduced to
eighty-seven francs, that is to say,
this last sum would procure for the
player the same moral advantage as
the state of his fortune after the
stake. The play is then disadvanta-
geous even in the case where the
stake is equal to the product of the
sum hoped for, by its probability.
We can judge by this of the im-
morality of games in which the sum
hoped for is below this product.
They subsist only by false reason-
ings and by the cupidity which they
excite and which, leading the people
to sacrifice their necessaries to chi-
mercial hopes whose improbability
they are not in condition to appre-
ciate, are the source of an infinity of
evils.

The disadvantage of games of
chance, the advantage of not expos-
ing to the same danger the whole
benefit that is expected, and all the
similar results indicated by common
sense, subsist, whatever may be the
function of the physical fortune
which for each individual expresses
his moral fortune. It is enough
that the proportion of the increase
of this function to the increase of
the physical fortune diminishes in
the measure that the latter increases.

Pierre Simon Marquis de Laplace
(1749-1827) at the age of 18 gained the
attention of d’Alembert by his mathemati-
cal genius. Most of his work was on
problems in celestial mechanics. The re-
sults of his studies were written first in
his Exposition du Systéme du Monde. At
the age of 50 he published the first two
volumes of his great Méchanique Céleste,
following with the third and fourth in the
next six years. The fifth volume did not
appear until twenty years later. Advance-
ment of the theory of probabilities was a
by-product of his studies of planetary mo-
tions, and in other chapters of the in-
teresting book from which this extract is
taken, he goes into more detail on this
and other practical phases of the subject.
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A statistical study shows that about
eighteen per cent. of the population
are first-born members of their fami-
lies.

Earthquakes have shaken Asia
Minor approximately 10,000 times
since the beginning of our era.

During the past five years more
than 3,000,000 Europeans have sought
homes in other countries.

Two hundred different American
dialects have been recorded by phono-
graph on the campus of Columbia
University.

Rome, Naples and Milan are striv-
ing for the honor of being the first
Italian city to have 1,000,000 inhabi-
tants.
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