The Contimuation Method

The need to solve systems of polynomial equations arises in pursuits ranging
from geometric optics to chemical kinetics. A practical method of solution,

developed at the General Motors Research Laboratories, provides designers of
mechanical parts with a new capability.
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‘ LASSICALLY difficult non-

linear equations—those made
up of polynomial expressions—can
now be solved with reliability and
speed. Recent advances in the
mathematics of continuation
methods at the General Motors
Research Laboratories have practi-
cal implications for a wide range of
scientific and engineering prob-
lems. The immediate application
at General Motors is in mechan-
ical design. The new method finds
all eight solutions to three quad-
ric equations in a few tenths of a
second—fast enough for computer-
aided design on a moment-to-
moment basis. Algorithms based
on this method are critical to the
functioning of GMSOLID, an interac-
tive design system which models
the geometric characteristics of

Three equations in three unknowns

automotive parts.

Systems of non-linear equa-
tions have been solved for many
years by "hit or miss” local
methods. The method developed at
General Motors by Dr. Alexander
Morgan is distinguished by being
global and exhaustive. Local
methods depend on an initial esti-
mate of the solution. They proceed
by iterative modifications of this
estimate to converge to a solution.
However, success is not guaran-
teed, because there are generally
no practical guidelines for making
an initial choice that will ensure
convergence. Reliability is further
compromised when multiple solu-
tions are sought.

Global methods, by contrast,
do not require an initial estimate of
the solution. The continuation
method, as developed by Dr. Mor-
gan, is not only global, but also
exhaustive in that, assuming exact
arithmetic, it guarantees conver-
gence to all solutions. The conver-
gence proof rests on principles
from the area of mathematics
called differential topology.

Here is the way continuation
works. Suppose we want to solve a
system F(x)=0. We begin by gen-
erating a simpler system G(x)=0
which we can both solve and con-
tinuously evolve into F(x)=0. It is
important that we select a G prop-
erly, so the process will converge.
Dr. Morgan has devised a method
for selecting G which gives rapid
convergence and reliable computa-
tional behavior. He first applied a
theorem established by Garcia and
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Zangwill to select G. However, the
resulting algorithm could not
achieve the speed and computa-
tional reliability necessary for sev-
eral applications. Next, he utilized
some ideas from algebraic geome-
try—"homogenous coordinates”
and “complex projective space’—to
prove a new theorem for selecting
G. The result of Dr. Morgan’s
efforts is a practical numerical

method based on solid mathe-

matical principles with innate reli-
ability.

Reliability is the critical ele-
ment for mathematical methods
embedded in large computer pro-
grams, because errors may not
become evident until after they
have ruined a large data structure
compiled at great expense and
effort. Speed is also important to
economical real-time implementa-
tion. This method has proved to be
reliable and fast in solving prob-
lems involving equations up to the
sixth degree in three or four vari-
ables. However, there are obvious
practical limitations on the number
of equations and their degree, due
to the limited precision of computer
arithmetic and computer resource
availability.

I HE FIGURES illustrate the
transition from simple
G(x)=0 to final F(x)=0. In both
figures, the “simplicity” of G(x)=0
is reflected graphically in its linear
structure—seen as lines and planes.
The non-linearity of F(x) =0is seen

in the curvature of the final shapes
in each figure.

In figure 1, the four dots on
the left plane represent the set of
simultaneous solutions to the sys-
tem of equations G(x) =0. The four
dots on the right plane represent
the set of simultaneous solutions to
the system of equations F(x)=0.
The dashed lines represent simul-
taneous solutions to intermediate
systems whose graphs would show
the evolution from one configura-
tion to the other. With the addition
of a third dimension in figure 2, the
number of dots representing simul-
taneous solutions doubles. Repre-
sentation of the transitional points,
as in figure 1, would require a
fourth dimension.

“Continuation methods, al-
though well known to mathemati-
cians,” says Dr. Morgan, “are not
widely used in science and engi-
neering. Acoustics, kinematics and
non-linear circuit design are just a
few fields that could benefit imme-
diately. I expect to see much
greater use of this mathematical
tool in the future.”
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Dr. Morgan received his
graduate degrees from Yale Uni-
versity in the field of differential
topology. His Ph.D. thesis con-
cerned the geometry of differential
manifolds. Prior to joining General
Motors in 1978, he taught mathe-
matics at the University of Miami
in Florida and worked as an analyst
at the Department of Energy’s
Savannah River Plant in South
Carolina.

While serving in the U.S.
Army, Dr. Morgan participated in
the development and analysis of
simulation models at the Strategy
and Tactics Analysis Group in
Bethesda, Maryland.

Dr. Morgan’s current re-
search interests include the qualita-
tive theory of ordinary differential
equations and the numerical solu-
tion of non-linear equations.
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Recent events—the eruption of Mt. St. Helens, the vicious
snowstorms blanketing the Northeast, the water shortage in
New York City—have proven how vitally important it is for
us to understand how the basic factors that affect the Earth

affect us. The Cambridge Encyclopedia of Earth Sciences,
edited by David G. Smith, provides a ready access to the wealth of geo-
logical information which has been collected over the years and shows
how this information fits into the framework of modern discoveries.
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Although it is a full scale
authoritative encyclopedia
which covers the current
knowledge of Earth and

its interrelated sciences,
The Cambridge
Encyclopedia of

Earth Sciences

is not an A to Z listing

of dry facts. It begins with

a historical survey of the
different Earth sciences,
discusses the exciting and
fast-breaking science of
plate tectonics—the
movement of the continents—
and ends with the geology
of the solar system. The
high standard of the text

is complemented by the
superb illustrations— 500—
of which 250 are in full color,
250 in half tones, maps

and diagrams.

This is a book designed

to be enjoyed and used

as much by the interested
layman as by scholars

of the Earth sciences.

Science News Book Order Service 1719 N Street, N.W,, Washington, D.C. 20036

Please send ______ copy(s) of
The Cambridge Encyclopedia

. N
of Earth Sciences ame

Iinclude a check, payable to

Science News Book Order Service, Address

for $35.00 plus $1.00 handling

(total $36.00) for each copy. City State Zip
RB20



