Twisting and Turning
'n Space Classifying shapes and surfaces

in new dimensions suggests the possibility
of at last achieving a unified geometry

Physical Thought, S. Sambursky, Ed. Pica Pr., 1974
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The Mathematical Experience/Birkhauser

Henri Poincare’

By LYNN ARTHUR STEEN

From the metaphysics of ancient Greece
to the dawn of the scientific revolution,
certain perfect forms — the circle, the
sphere, the five Platonic solids—served as
metaphors for the way the world works.
The unending cyclic repetition of the cir-
cle explained the seasonal patterns of na-
ture. Epicycles, formed from rolling circles
on the hemisphere of the sky, explained
the motion of the heavenly bodies. And as
Kepler tried to show, the geometry of
nested Platonic solids (see diagram
above) explained spacing among the five
inner planets of our solar system.

But nature’s symmetry is more subtle
than the Greek geometers ever suspected.
Today we recognize these metaphors
more as myths than as models. Yet an at-
tempt to represent nature by geometric
models persists. First, elliptical orbits re-

placed circles and epicycles in planetary
astronomy. Then four-dimensional
space-time replaced three-dimensional
Euclidean space in models of the universe.
Now, twisted surfaces of interlocked time,
energy and space are being used to model
black holes and the big bang.

Even the social sciences have taken up
geometric models. Representation of pub-
lic opinion requires multidimensional
constructs. Models of human perception
employ bizarre, non-Euclidean geome-
tries. Even economic models routinely use
infinite-dimensional models in an attempt
to represent the unbounded variation of
real economies.

This proliferation of scientific uses for
geometric models has been matched,
however, and probably exceeded by
mathematicians’ exploration of geometric
structures. While the Greek penchant for
abstraction and classification continues,

What's Euclidean

On a perfectly flat surface, parallel lines never meet. A triangle drawn on such a plane has
interior angles that add up to 180°. A straight line is the shortest distance between two points.
These and other postulates and resuits are part of the geometry first invented by Euclid more
than 2,000 years ago. Later mathematicians refined and extended his ideas to higher dimen-
sions, and the postulates became part of what is now called Euclidean geometry.

However, surfaces exist on which the Euclidean rules do not hold. On the surface of a sphere,
for example, the shortest distance between two points is an arc (called a great circle) following
the sphere’s curvature. A triangle bounded by “straight” lines has angles thatadd up to more than
180°. What appear to be paralle! lines intersect in antipodal points. Because the geometry on a
sphere is different from that on a flat surface, it is one example of a non-Euclidean geometry.

Manifolds are surfaces and shapes, sometimes very complex, that appear to be Euclidean
when a small region is examined, but on a large scale fail to follow the rules for a Euclidean
geometry. A sphere is an example of a manifold because a small region of the sphere appears to
be flat, although on a larger scale the surface is clearly curved. — 1. Peterson
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the domain of discourse has been enor-
mously extended — into higher dimen-
sions, into topological (rubber-sheet
geometric) models, into curves, surfaces
and diverse shapes called manifolds (see
box, p. 42).

Roughly speaking, our discovery of new
geometric objects has generally exceeded
our ability to classify them. (It’s as if Dar-
win, rather than being a passenger on the
earth-bound Beagle, had been a passenger
on Starship Enterprise, discovering on
each new world exotic forms that defied
easy classification.)

Now, at long last, mathematicians’ ef-
forts to classify geometric shapes may be
approaching an end. One of the major un-
resolved sections of this multidimensional
puzzle was just completed, and the out-
lines of the remaining pieces are begin-
ning to take shape.

The origins of this scheme, however,
stretch back to the turn of the century.
Geometry’s Darwin was the incomparable
French mathematician Henri Poincaré
(1854-1912), the one person who almost
beat Einstein to the theory of relativity. In
studies conducted around 1900, Poincaré
explored many special surfaces and vol-
umes as potential domains for the solu-
tions to differential equations.

Solutions of some differential equations
can be readily represented by paths taken
in ordinary two- or three-dimensional Eu-
clidean space (see box, p. 42). Other equa-
tions are best modeled by solutions on a
sphere, a torus (doughnut-shape), or even
more exotic objects — such as a twisted
loop with only one side, known as a
Mobius strip (see p. 36); or a three-dimen-
sional tube, known as a Klein bottle, whose
inside surface loops back on itself to
merge with its outside. Poincaré set out to
classify these many forms and surfaces,
and in so doing helped create the modern
field of topology.

In geometry, notions such as distance
and angle are of paramount importance.

Klein bottle
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Geometric constructs for modeling three-dimensional manifolds.

But what counts in topology is whether
one shape can be continuously deformed
into another. All five Platonic solids, for
example, are topologically equivalent not
only to each other, but also to a sphere.
However, because ithas ahole init, a torus
is quite a different topological object.

Poincaré discovered an algebraic way
to detect and study the pattern of holes in
a topological surface. His strategy in this
“algebraization” of topology was to exam-
ine the behavior of simple closed paths
(those which, like a circle, begin and end
at the same point) on the surface. All
closed paths on a sphere, for instance, can
be continuously shrunk to a single point,
whereas only some of those drawn on a
torus can be shrunk to a point. That's be-
cause on a torus there are paths of funda-
mentally different species: Those winding
through the center hole are quite different
from those winding around the center
hole. And both are different from the cyclic
paths that loop through the center as they
go around the torus.

Poincaré showed that species of paths
on surfaces form a group — a simple,
algebraic concept that represents
geometric symmetry. And the nature of a
fundamental Poincaré group tells a lot
about the nature of its corresponding sur-
face. This representation of topological
surfaces by Poincaré groups is now part of
the theory of homotopy (literally “of the
same shape”)—so named because it rep-
resents the mathematical transformation
of one curve into another, or the shrinking
of a curve into a point (when that is
possible). Once the exclusive tool of
algebraic topologists, homotopies have
recently come to be employed by graphic
artists and computer scientists who wish
to provide smooth videotape transitions
between frames of artistic animation.

Poincaré’s fundamental homotopy
group is sufficiently discriminating to
identify all two-dimensional surfaces: Two
such surfaces are topologically equivalent
if (and only if) they correspond to the
same Poincaré group. In the third dimen-
sion, however, things turn out to be less
simple. In fact, Poincaré’s effort to extend
homotopy classification to three-
dimensional objects ended where it began
—with the simplest case, the sphere.

Poincaré conjectured that three-dimen-
sional spheres behave just like two-di-
mensional ones — that every three-di-
mensional object that had the same
homotopy groups as the sphere is topolog-
ically equivalent to a sphere. In other
words, there should be no fake spheres: An
object behaving like a sphere should be a
sphere. Poincaré’s conjecture and its
generalization to higher dimensions ranks
as one of the most challenging unsolved
problems in mathematics. And it's worth
noting that whole fields of mathematics
have developed in the course of testing, on
a case-by-case basis, the Poincaré conjec-
ture.

Topologists quickly discovered as they
explored geometric structures in higher
dimensions that neither the intuition nor
the vocabulary of simple geometry would
suffice. So they introduced the “manifold”
as a general term for certain topological
objects that (in any dimension) include a
great variety of surfaces and spaces. The
great task of topology in this century has
been to classify manifolds — to discover
the origin of these exotic geometric
species.

The first major advance came in 1954,
when Poincaré’s countryman, René Thom,
discovered an important clue to the orga-
nization of manifolds: When two manifolds
together serve as a boundary for a third,
they share important related characteris-
tics. Thom’s theory, called “cobordism,”
provided insight into ways manifolds be-
have in dimensions greater than four.

In 1962, Stephen Smale of the University
of California at Berkeley used an extension
of cobordism techniques to prove the
Poincaré conjecture for manifolds of the
fifth and higher dimensions. Shortly after,
John R. Stallings and E. Christopher
Zeeman provided alternate proofs of the
same results. (Ten years later Thom and
Zeeman used ideas derived from this work
on classification of manifolds to investi-
gate and classify “elementary catas-
trophes” — a subject that spawned wide-
spread interest and controversy when it
was applied to research in the behavioral
sciences [SN: 4/2/77, p. 218].)

Manifolds in higher dimensions (those
above four) are in many respects paradox-
ical: Their classification proved easier
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than did those of dimensions three and
four; however, even the simplest man-
ifolds — spheres — would sometimes ex-
hibit certain bizarre behaviors in high di-
mensions. For example, in 1956 John Mil-
nor of Princeton University stunned the
mathematical world by showing that the
seven-dimensional sphere can be made
into a “differentiable” manifold in 28 dif-
ferent ways. In other words, Poincaré’s
scheme of representing the solutions to
differential equations on manifolds would,
in dimension seven, encounter 28 different
versions of the sphere.

Milnor constructed these exotic
spheres by multidimensional plumbing —
cutting holes here and there, connecting
them by various tubes, and then deform-
ing what resulted into a new kind of
sphere. This procedure, called surgery,
has proved as valuable as cobordism in
the general task of classifying manifolds.
And its modern form leads to what is
called “handle-body calculus,” a scheme
for computing the effects of adding han-
dles to manifolds. (If the handles are inter-
locked, or tied in knots, things can get
rather complicated.)

Since the 1960s, efforts toward proving
Poincaré’s conjecture have been stalled —
at the point where all but the last two
cases had been verified. Now Michael
Freedman of the University of California at
San Diego has completed work on proving
the next to last case — the fourth dimen-
sion. Strangely, the last unproved case is
the third dimension — the same one that
stumped Poincaré.

Freedman’s work concerns four-dimen-
sional manifolds and is based largely on
handle calculus. “The dream remained
since my graduate school days,” writes
Freedman, “that some key principle from
the high dimensional theory would ex-
tend, at least to dimension four, and bring
with it the beautiful adherence of topology
to algebra familiar in dimensions greater
than or equal to five.”

Thurston/Bull. of the Am. Math. Soc.
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“There is such a principle,” continues
Freedman. And in the parlance of mathe-
matics he goes on to describe it as “a
homotopy-theoretic criterion for imbed-
ding a topological 2-handle in a smooth
four-dimensional manifold with bound-
ary.” Freedman blends homotopy, handles
and boundaries for a comprehensive anal-
ysis of the topology of four-dimensional
manifolds that yields the first complete
classification of manifolds in this dimen-
sion. Although Freedman’s paper has not
yet been published, it has been checked
carefully throughout the past year by top-
ologists at several major universities. Now,
only the third dimension remains without
a satisfactory classification, and without a
proof of the Poincaré conjecture.

But this case, too, appears to be nearing
completion. William P. Thurston of the
University of Colorado, writing in the May
1982 BULLETIN OF THE AMERICAN MATHE-
MATICAL SOCIETY, sets forth a program for
classification of three-dimensional man-
ifolds, including resolution of the original
Poincaré conjecture. Thurston’s program
uses surgery to reduce complex manifolds
to simple cases in much the same way fac-
toring reduces large composite numbers
to products of primes.

Thurston’s paper offers a direction for
research, not a complete theory. However,
the mathematician marshals a lot of evi-
dence in support of this program, not least
new and beautiful computer realizations
of many of the algebraic and geometric
constructs needed to model three-dimen-
sional manifolds.

He uses the computer, for example, to
portray the geometric structures resulting
from surgery. “The geometric structures
turn out to be very beautiful when you
learn to see them,” writes Thurston. “Often
the information which determines a geo-
metric structure can be expressed in
terms of some construction in plane Eu-
clidean geometry.”

Two years ago mathematicians cele-
brated the successful completion of a cen-
tury-long effort to classify “finite simple
groups” (SN: 9/27/80, p. 204). Now they are
nearing the end of a similar research effort
concerning the classification of manifolds.
The end may come next year. Then again,
it may not be until the end of the century
that the case for the third dimension is fi-
nally verified. When it is completed, how-
ever, both algebra and geometry—the two
traditional branches of mathematics —
will be governed by grand theories of clas-
sification and evolution, theories that re-
late fundamental objects to each otherina
way that imposes useful structure where
formerly only chaos reigned. O
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