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than did those of dimensions three and
four; however, even the simplest man-
ifolds — spheres — would sometimes ex-
hibit certain bizarre behaviors in high di-
mensions. For example, in 1956 John Mil-
nor of Princeton University stunned the
mathematical world by showing that the
seven-dimensional sphere can be made
into a “differentiable” manifold in 28 dif-
ferent ways. In other words, Poincaré’s
scheme of representing the solutions to
differential equations on manifolds would,
in dimension seven, encounter 28 different
versions of the sphere.

Milnor constructed these exotic
spheres by multidimensional plumbing —
cutting holes here and there, connecting
them by various tubes, and then deform-
ing what resulted into a new kind of
sphere. This procedure, called surgery,
has proved as valuable as cobordism in
the general task of classifying manifolds.
And its modern form leads to what is
called “handle-body calculus,” a scheme
for computing the effects of adding han-
dles to manifolds. (If the handles are inter-
locked, or tied in knots, things can get
rather complicated.)

Since the 1960s, efforts toward proving
Poincaré’s conjecture have been stalled —
at the point where all but the last two
cases had been verified. Now Michael
Freedman of the University of California at
San Diego has completed work on proving
the next to last case — the fourth dimen-
sion. Strangely, the last unproved case is
the third dimension — the same one that
stumped Poincaré.

Freedman’s work concerns four-dimen-
sional manifolds and is based largely on
handle calculus. “The dream remained
since my graduate school days,” writes
Freedman, “that some key principle from
the high dimensional theory would ex-
tend, at least to dimension four, and bring
with it the beautiful adherence of topology
to algebra familiar in dimensions greater
than or equal to five.”
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“There is such a principle,” continues
Freedman. And in the parlance of mathe-
matics he goes on to describe it as “a
homotopy-theoretic criterion for imbed-
ding a topological 2-handle in a smooth
four-dimensional manifold with bound-
ary.” Freedman blends homotopy, handles
and boundaries for a comprehensive anal-
ysis of the topology of four-dimensional
manifolds that yields the first complete
classification of manifolds in this dimen-
sion. Although Freedman’s paper has not
yet been published, it has been checked
carefully throughout the past year by top-
ologists at several major universities. Now,
only the third dimension remains without
a satisfactory classification, and without a
proof of the Poincaré conjecture.

But this case, too, appears to be nearing
completion. William P. Thurston of the
University of Colorado, writing in the May
1982 BULLETIN OF THE AMERICAN MATHE-
MATICAL SOCIETY, sets forth a program for
classification of three-dimensional man-
ifolds, including resolution of the original
Poincaré conjecture. Thurston’s program
uses surgery to reduce complex manifolds
to simple cases in much the same way fac-
toring reduces large composite numbers
to products of primes.

Thurston’s paper offers a direction for
research, not a complete theory. However,
the mathematician marshals a lot of evi-
dence in support of this program, not least
new and beautiful computer realizations
of many of the algebraic and geometric
constructs needed to model three-dimen-
sional manifolds.

He uses the computer, for example, to
portray the geometric structures resulting
from surgery. “The geometric structures
turn out to be very beautiful when you
learn to see them,” writes Thurston. “Often
the information which determines a geo-
metric structure can be expressed in
terms of some construction in plane Eu-
clidean geometry.”

Two years ago mathematicians cele-
brated the successful completion of a cen-
tury-long effort to classify “finite simple
groups” (SN: 9/27/80, p. 204). Now they are
nearing the end of a similar research effort
concerning the classification of manifolds.
The end may come next year. Then again,
it may not be until the end of the century
that the case for the third dimension is fi-
nally verified. When it is completed, how-
ever, both algebra and geometry—the two
traditional branches of mathematics —
will be governed by grand theories of clas-
sification and evolution, theories that re-
late fundamental objects to each otherina
way that imposes useful structure where
formerly only chaos reigned. O
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